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Abstract

Changes in land use patterns, especially the conversion of primary forests for
agricultural expansion, have been identified as the chief causes of biodiversity loss.
In view of the risks and uncertainties surrounding biodiversity, the irreversibil-
ity of forest conversion is of particular concern. Using a real options approach,
optimal dynamic land allocation decisions between agricultural production and
biodiversity conservation are modelled subject to exogenous and endogenous eco-
logical risk and uncertainty. The future value of biodiversity is modelled as a
controlled diffusion process, exhibiting natural growth and variation as well as be-
ing susceptible to environmental impact, as represented by the speed and extent
of forest conversion. Using a numerical solution technique, economic-ecological
system dynamics are analysed in the conservation and conversion zones. A so-
cial planner has the option of conserving or converting in incremental steps in
order to achieve the optimal land allocation equilibrium, given biodiversity value
and dynamics, conversion history and technological constraints in agriculture
and forestry. It is found that allowing for economic-ecological feedback increases
biodiversity conservation, with its extent largely independent of assumed ecosys-
tem sensitivity. Similarly, the complexity of the relationship between technology,
conversion efficiency and optimal conservation increases, giving rise to multiple
equilibria.
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1 Introduction

Changes in land use patterns, such as the conversion of biodiverse natural forests into

monocultural systems for agricultural production, have been identified as the chief

causes of biodiversity loss. Such irreversible land conversion decisions involve the eval-

uation of the trade-offs involved between the benefits from agricultural expansion versus

the benefits that may be enjoyed from creating biodiversity reserves. Especially the

benefits from biodiversity conservation are subject to increasing uncertainty over time.

With Weisbrod’s (1964) formal identification of a willingness to pay for the option

of preserving a natural environment from irreversible development for future benefit

began an investigation into how such an environmental option value should be inter-

preted, quantified and incorporated into optimal resource decisions (Conrad (1980),

Fisher and Hanemann (1987), Fisher and Narain (1998)).

Important recent contributions by Kassar and Lasserre (2002) and Bulte et. al.

(2002) consist of the construction of theoretical models to devise optimal land use

allocation rules between biodiversity conservation and agricultural production. The

objective of the Bulte et. al. (2002) study is to determine the optimal forest stock

in Costa Rica, both from a national and a global point of view, given its original

endowment of forested land. Important features of these models are the treatment

of ecological uncertainty, irreversibility of environmental impact and the option to

postpone resource development in the face of ecological uncertainty.

The definition and delineation of biodiverse systems as well as their functioning are

subject to considerable uncertainty. Taking the Amazonian rainforest as an example

for a biodiversity hotspot, little is known about its evolution over time and the short

and long term consequences of anthropogenic change. The study of smaller, better

defined systems such as shallow lakes (Carpenter et. al. (1999)), insect populations

(Ludwig et. al. (1978)) and fisheries (Walters (1986)), reveals that erratic shifts in

the functional states, and even sudden collapse, as a result of prolonged or extreme

pressure from outside sources are common occurrences. That forest ecosystems should

be subject to similar erratic shifts is therefore highly plausible and one ought to view

biodiversity not as a separate entity but as part of a complex adaptive system. Such
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systems consist of a heterogeneous collection of individual units that interact locally

and evolve based on the outcomes of those interactions (Levin (2003)).

The second feature concerns irreversibility. Unfortunately, little is known of the

dynamics governing complex adaptive systems: even if the forces responsible for driving

change were identifiable, predicting the extent and nature of the change is largely

impossible. One observation that holds true in most cases, however, concerns the

irreversibility of environmental outcomes. While the shift from one state or trajectory

to the next is sudden and unpredictable, its reversal is, if possible at all, a slow and

costly process (Perrings (1998)). So much so that it may be viewed as irreversible over

the short and medium term.

The risk of irreversible damage caused by excessive and premature land conversion

leads us to the third way in which traditional economic analysis has been expanded

recently: the decision to develop a natural resource is rarely a now or never proposi-

tion. Decision makers often have the option to refrain from development in order to

take advantage of information about future environmental costs and benefits becoming

available. It is this quasi-option value, the value of information conditional on retain-

ing the option to preserve or develop in the future, that has to be taken into account

when evaluating a proposal to convert forested land for agricultural purposes. Any

meaningful analysis of natural resource management will therefore aim at incorporat-

ing at least these three aspects, ecological uncertainty, irreversibility and the possibility

to postpone conversion decisions, as it is their interplay that determines the optimal

conservation path.

A fundamental assumption underlying existing work on biodiversity options is that

the value of biodiversity is often assumed to be independent of economic decisions.

This assumption excludes important feedback effects from agricultural development

on the long-term health of the ecosystem as well as on the uncertainty of the value

of biodiversity. It is anticipated that allowing for these feedback effects can have

important implications for optimal land use over time.

The aim of this paper is to derive optimal conversion rules of forested land with two

alternative uses, biodiversity conservation and agricultural production, in the presence

of ecological feedback. The form of this economic-ecological feedback loop operates
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on the expected trend of biodiversity value as well as on its ecological stochasticity.

The solution of the model is embedded in a real options framework where the option

is represented by the right to convert biodiversity reserve land into agricultural land.

The solution has a "bang bang" (binary) form whereby it is optimal either to conserve

land or to convert ir at the maximum rate, depending upon previous conversion history

and the value of biodiversity. This solution is known as the free boundary, which is of

the same form as the optimal solution derived in real options models of capacity choice

and incremental investment (Dixit and Pindyck (1994)).

The rest of the paper proceeds as follows. The model is discussed in Section 2, with

the solution presented in Section 3. In Section 4 the real options model is applied to a

generic base case which highlights the important role of the feedback loop for optimal

biodiversity conservation. Implications of technological progress in the presence of

biodiversity feedback are also investigated. Concluding comments are provided in

Section 5.

2 A Real Options Model of Biodiversity

In this section, the biodiversity real options model is set out. The model consists of a

finite area of land with two competing uses, biodiversity conservation and agricultural

production. Both uses yield benefits. The benefits of agriculture are valued in terms of

the profits obtained from producing agricultural products, whereas the benefits from

biodiversity consist of the gains from having a healthy ecosystem. In developing the

model, the gains from biodiversity are treated as uncertain by modelling the value of

biodiversity as a diffusion process. The optimal land management strategy is based

on a social planner choosing the stock of land in the agricultural sector to maximise

the expected net present value of benefits accruing from the total land area subject to

the value of biodiversity following a diffusion process. The solution is characterised in

two parts: the optimal rate of land conversion is based on solving a partial differential

equation (pde), while the benefits from biodiversity from not further converting the

land to agriculture is obtained by solving an ordinary differential equation (ode). The

latter solution has an analytical form, whereas numerical methods are needed in general
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to solve the pde.

2.1 The Model

Consider an area of land that can be used for agricultural production A (t) , or as a

biodiversity reserve R (t)

1 = A (t) +R (t) . (1)

Without loss of generality, the area of land is normalised to unity, in which case A (t)

and R (t) represent the proportions of the land devoted to agriculture and reserved for

biodiversity respectively. Setting A = 1, means that all land is devoted to agriculture

leaving no land for biodiversity as R = 0. The other extreme is where there is no

agricultural production as A = 0, in which case all land is reserved for biodiversity.

Optimal land management consists of finding the optimal rate of land conversion,

v∗, in the next instant. The rate of land conversion is defined as the change in the

stock of land in agriculture over an infinitesimally short time interval

v =
dA (t)

dt
. (2)

Land conversion decisions are assumed to be irreversible to the extent that land, once

converted to agricultural land, becomes permanently unsuitable as a biodiversity re-

serve. It is also assumed that technological constraints impose an upper limit, v, on

the rate of land conversion. These conditions are stated formally as

0 6 v 6 v. (3)

The net flow of benefits from agricultural production and biodiversity conservation

is given by

π(b, A, v) =
φ

1− γ
A (t)1−γ + τbR (t)− kv. (4)

The first term represents the flow benefits from agriculture (A(t)) . The parameter

φ > 0, is the returns per unit area, and 0 < γ < 1, shows that returns to scale are

decreasing. The second term represents the flow benefits of biodiversity from conserving

land (R (t) = 1−A (t)) where

b ≥ 0, (5)
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is the value of biodiversity per unit of land which is assumed to be non-negative, and

τ reflects the social planner’s relative preference for the ecological versus agricultural

good. The last term, kv, captures the total cost of land conversion including labour

and machinery costs, where k is the per unit cost of conversion.

To capture the uncertainty associated with the value of biodiversity, b is assumed

to follow a controlled diffusion process

db = (α−mv)bdt+
¡
σ2 + uv

¢1/2
bdz, (6)

where z is a Wiener process, dz ∼ N (0, dt) . The parameter α is the net growth rate

of biodiversity value, equal to the scarcity rent of biodiversity conservation. The term

mv, is a downward trend adjustment to capture the property that land conversion

introduces stress to the surrounding ecosystems leading to a long term reduction in

ecosystem health. The term uv, is included to capture the effects of increases in the

uncertainty of the value of biodiversity arising from land conversion. Setting v = 0 in

(6), the value of diversity follows a standard geometric Brownian motion, as used by

Kassar and Lasserre (2002) and Bulte et al (2002).

2.2 Objective Function

Let F (b,A) represent the value of the land management project which depends on the

value of biodiversity (b), the proportion of land allocated to agriculture (A) , and the

rate of land conversion (v) . The optimal solution is given by choosing v to maximise

the expected discounted stream of benefits (π) given in (4),

max
v

E

∞Z
0

e−ρtπ (b,A, v) dt, (7)

subject to the value of diversity (b) following the diffusion in (6) and a set of terminal

and boundary conditions, which are defined formally below. The discount rate is ρ,

which is set equal to the risk-free market interest rate. As the objective function

and the constraint are not explicit functions of time, the problem is autonomous. In

addition, given that the objective function has an infinite time horizon, the optimal
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solution is based on rewriting (7) as (Dixit and Pindyck (1994))

ρF (b,A) = max
v

½
π(b, A, v) +

1

dt
E[dF ]

¾
. (8)

The last term in (8) is obtained by applying Ito’s Lemma to the diffusion process

in (6) to yield the total derivative of F (b,A)

dF =

∙
(α−mv)bFb +

1

2
(σ2 + uv)b2Fbb

¸
dt+ FAdA+ (σ

2 + uv)
1
2 bFbdz, (9)

where

Fb =
∂F

∂b
, Fbb =

∂2F

∂b2
, FA =

∂F

∂A
.

Taking expectations of both sides gives

E [dF ] =

∙
(α−mv)bFb +

1

2
(σ2 + uv)b2Fbb

¸
dt+ FAdA+ (σ

2 + uv)
1
2 bFbE [dz]

=

∙
(α−mv)bFb +

1

2
(σ2 + uv)b2Fbb

¸
dt+ FAdA,

by using the assumption E [dz] = 0. Dividing both sides by dt produces

E[dF ]

dt
= (α−mv)bFb +

1

2
(σ2 + uv)b2Fbb + FA

dA

dt

= (α−mv)bFb +
1

2
(σ2 + uv)b2Fbb + FAv, (10)

where the last step is based on using (2) to replace dA/dt by v.

Substituting (4) and (10) into (8), gives

ρF (b,A) = max
v

½
φ

1− γ
A1−γ + τb (1−A)− kv + vFA + (α−mv)bFb

+
1

2
(σ2 + uv)b2Fbb

¾
. (11)

The first-order condition for the RHS of this expression is

FA = k +mbFb − 1
2
ub2Fbb. (12)

Letting v∗ represent the optimal solution to the first-order condition, equation (11) is

rewritten as the following second order parabolic partial differential equation
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ρF (b,A) =
φ

1− γ
A1−γ + τb (1−A)− kv∗

+v∗FA + (α−mv∗) bFb +
1

2

¡
σ2 + uv∗

¢
b2Fbb. (13)

This is the key equation of the model which forms the basis of the solution to the land

management project.

2.3 Boundary Conditions

The optimal value of the land management project, F (b,A) in (13) is a function of

the value of biodiversity (b) and the proportion of land allocated to agriculture (A) .

From (1) the area of land devoted to agriculture is 0 ≤ A ≤ 1, whereas (5) shows that
the range of the value of biodiversity is b ≥ 0. The general solution of (13) expresses
F (b, A) in terms of all of the combinations of b and A. To be able to compute the

solution it is necessary to complete the specification of the model by imposing a set of

boundary conditions. These boundaries are located at

Terminal boundary : A = 1

Lower boundary : b = 0

Upper boundary : b→∞

Free boundary : FA −mbFb +
1
2
ub2Fbb = k

The boundaries are presented in Figure 1. The first boundary condition listed occurs

where all land is eventually devoted to agriculture production, leaving no land for

biodiversity. This is referred to as a terminal boundary as once it is reached, from

the asymmetry condition in (3), the land cannot be used for biodiversity. The lower

boundary condition is where biodiversity reserve land provides no biodiversity value,

b = 0. The upper boundary corresponds to the other extreme situation where the value

of biodiversity is so high that it cannot be valued. When implementing the model

the upper level of b is restricted to a finite, but “large” value. The last boundary is

referred to as the free boundary. It is the first-order condition of (11) and corresponds
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Figure 1: Boundary conditions.

to the combinations of b and A where the benefits from converting land for agriculture

(conversion zone) just match the benefits of biodiversity from not converting the land

(conservation zone). The four boundary conditions are now formally derived.

2.3.1 The Terminal Boundary

The terminal boundary occurs where all land is devoted to agriculture A = 1. This also

coincides with v∗ = 0 as there is no more land to be converted. From the instantaneous

benefits function in (4), setting A = 1 and hence R = 0, as well as v∗ = 0, gives

π(b, A, v∗)|A=1
v∗=0

=
φ

1− γ
A (t)1−γ + τbR (t)− kv∗

¯̄̄̄
A=1
v∗=0

=
φ

1− γ
,

which is the instantaneous benefit of using all of the land for agricultural production.

The total value of current and future agricultural production is simply the discounted

future stream of benefits

F (b, 1) =
φ

ρ(1− γ)
, (14)
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where ρ is the discount rate as defined in (7). A feature of the terminal boundary

is that the value of biodiversity is undefined as no reserve land remains to generate

benefits from biodiversity conservation.

2.3.2 The Lower Boundary

The lower boundary condition describes the behaviour of the land project value as the

value of biodiversity approaches zero.

lim
b→0

Fb(b,A) =

R
v∗Z
0

(α−mv∗ − ρ)e(α−mv∗)te−ρtdt = e(α−mv∗−ρ)R
v − 1. (15)

The impact of losing the last remaining unit of biodiversity on the value of the total

land is most severe if all land is dedicated to biodiversity conservation. Since minimal

biodiversity value induces land conversion, some of the loss is recoverable by converting

reserve land into agricultural land and thereby increasing agricultural production and

benefits. However, conversion does not happen immediately. Hence the effect of losing

the last unit of biodiversity has to be evaluated over the time frame it would minimally

take to convert the remaining reserve land into agricultural land. Over this time frame

the unit of biodiversity value would have grown by (α−mv∗− ρ). Discounting by the

effective discount rate e(α−mv∗−ρ) over the remaining lifetime of the project yields (15)

which is the reduction in project value for a unit loss of biodiversity value at the lower

boundary.

Equation (15) shows that the slope of the value function with respect to b along

the lower boundary lies between [−1, 0], as some of the benefits lost through the loss
of biodiversity may be recovered as increased agricultural benefits as reserve land is

converted into agricultural land. If conversion technology were such that all land could

be converted instantaneously the loss in total land value from biodiversity loss would be

zero.1 Hence the time it takes to convert must therefore be treated as an opportunity

cost which must be taken into account when calculating the slope of the value function

at the lower limit. As the share of land in agricultural production increases, A → 1,

1In this case, conversion takes no time at all, so that the integral, validated over zero horizontal
distance, equals zero.
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the change in total land value from losing the last unit of biodiversity approaches zero

as the remaining reserve land is small enough to be converted instantaneously. In

the limit, lim
b−>0

Fb |R=0= 0, implying that the value function plateaus as opposed to a
vertical slope between zero and −1 at the other end, where lim

b−>0
Fb |R=1.

2.3.3 The Upper Boundary

The upper boundary is defined for “large” levels of biodiversity. Inspection of Figure

1 shows that the choice of this boundary depends on whether the solution is in the

conservation zone or in the conversion zone. If the pertinent zone is the latter, the

upper boundary condition is taken to be

lim
b→∞

Fb(b, A) = 1−
R
v∗Z
0

(α−mv∗ − ρ)e(α−mv∗)te−ρtdt = 2− e(α−mv∗−ρ) R
v∗ . (16)

The last dollar increase in biodiversity value, represents an increase in asset value and

increases the value of the project as a whole. As conversion is optimal where the

condition (16) applies, it is necessary to account for the foregone benefits from the

expected growth of the additional dollar of biodiversity value. These benefits would

have accrued over the lifetime of the project, R
v∗ , and make up the integral in (16).

Condition (16) implies that the vertical slope of the solution plane along the upper

boundary is decreasing as the remaining reserve land decreases, which is consistent

with the assumption that an increase in biodiversity value has the greatest impact

on project value in its initial stages when most land is still allocated to biodiversity

conservation.

The upper boundary for the conservation zone does not need to be specified as it

is determined as a solution of the model. This is formally discussed below.

2.3.4 The Free Boundary

The free boundary provides the demarcation line between the conservation and con-

version zones. It corresponds to the combinations of b and A where the benefits from

converting land for agriculture (conversion zone) just match the benefits of biodiver-

sity from not converting the land (conservation zone). To identify the free boundary, a
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value-matching condition is used whereby along the free boundary the net benefit from

conversion in terms of land and ecological effects equals marginal conversion costs

FA −mbFb +
1

2
ub2Fbb = k. (17)

Approaching the critical threshold from below, the boundary is reached if the net ben-

efits to conversion are less than marginal conversion costs. This condition allows the

detection of the free boundary using also the horizontal slope between adjacent points.

As explained earlier in this section, defining the free boundary in terms of the hori-

zontal, as well as the vertical slope is necessary to overcome the problem of identifying

the free boundary originating from a perfectly flat terminal boundary. Formally, the

horizontal slope test is satisfied if

FA −mbFb +
1

2
ub2Fbb < k, (18)

at which point the system is required to switch from conversion to conservation.

3 Model Solution

The solution of the model using (13) requires the optimal solution of v, namely v∗. As

π(b,A, v) in (4) and db in (6) are linear in v, the optimal solution of v is of a “bang

bang” form (Dixit and Pindyck (1994))

v∗ =
½
0 : Conservation
v : Conversion

. (19)

The conservation zone is where the remaining land is not converted for agriculture,

v∗ = 0. The conversion solution is where v > 0, and the maximum rate of conversion of

land to agriculture is adopted. From (3) this involves choosing v∗ = v, the maximum

conversion rate that is technologically feasible. Thus, the full solution of the model

consists of two parts as a result of the bang bang nature of the solution.

3.1 Conservation Region Solution

The conservation solution is obtained by setting v∗ = 0 in (13). To distinguish the

conservation solution from the conversion solution, F is replaced by f

ρf(b, A) =
φ

1− γ
A1−γ + τb (1−A) + αbFb +

1

2
σ2b2Fbb. (20)
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As the derivative FA does not appear in (20), this equation represents an ordinary

differential equation which can be solved analytically.

In general (20) has a homogenous and a non-homogenous part. Starting with the

homogeneous part, let the general solution take the form

Z1(A)b
β1 + Z2(A)b

β2 , (21)

where Z1 and Z2 are unknown constants of integration and β1 and β2 are respectively

the positive and negative square roots of the fundamental quadratic equation

Q ≡ −ρ+ αβ +
1

2
σ2β(β − 1) = 0, (22)

which take the values

β1, β2 =
1

2
− α

σ2
±
s
2ρ

σ2
+

µ
α

σ2
− 1
2

¶2
. (23)

The constants of integration, Z1 and Z2, are determined as follows. Equation (21)

represents the value of the option to convert more reserve land in the future. As

biodiversity value increases the value of the option decreases as the probability that b

falls below the critical threshold decreases. For this to be the case, it is required that

Z1 = 0.

To determine Z2 the homogenous solution of equation (20) is combined with the

non-homogenous solution, yielding the value of the land management project subject

to a conservation policy

f(b, A) = Z(A)bβ +
φA(t)1−γ

ρ(1− γ)
+

τb(1−A(t))

ρ− α
, (24)

where Z = Z2 and β = β2.The last two terms on the right hand side of (24) describe the

expected present value of the benefits if no more land was ever going to be converted.

The first term is the value of the optimal future land management path. The constant

term Z may now be determined by using the value-matching condition

fA = ZAb
β +

φ

ρ
A−γ − τb

ρ− α
= k, (25)
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and smooth-pasting condition

fAb = βZAb
β−1 − τ

ρ− α
= 0. (26)

This system of two equations, which enables the critical value b∗, to be solved as

b∗ =
β

β − 1
ρ− α

τ

µ
φ

ρ
A−γ − k

¶
. (27)

Figure 1 shows the critical threshold b∗ as a function of agricultural land allocation.

It replicates the Bulte et al (2002) result whereby the critical threshold of biodiversity

value is a downward sloping function of A due to decreasing factor returns in the

agricultural sector. The term β
β−1 takes a value between [0, 1] with

β
β−1 approaching

1 as σ approaches 0. The critical biodiversity threshold therefore is highest, yielding

the least favourite conservation outcome for σ = 0, that is under ecological certainty.

The term β
β−1 is hence a measure of optimal cautiousness in the face of ecological

uncertainty. Given the option to convert later, higher levels of uncertainty lead to

conservation being optimal in a larger range of cases (Dixit and Pindyck (1994)).

3.2 Conversion Region Solution

The conversion solution is obtained by setting v∗ = v in (13) whereby the pde in (13)

becomes

ρF (b,A) =
φ

1− γ
A1−γ + τb (1−A)− kv

+vFA + (α−mv) bFb +
1

2

¡
σ2 + uv

¢
b2Fbb, (28)

Unlike the conservation zone solution, this pde together with the boundary conditions

discussed above, does not have an analytical solution. The approach adopted is to use

numerical methods by adopting a finite difference solution.

3.2.1 Approach

The numerical solution adopted to solve the land options model is illustrated in Figure

2. Solving the system of equations in (28) and (20) involves finding the value of the
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Figure 2: Numerical Solution Approach

land management option for all combinations of biodiversity value, along the vertical

axis, and land allocation along the horizontal axis. Moreover, the numerical solution

reveals the position of the free boundary which separates the conservation zone from

the conversion zone under the assumption of ecological feedback. Moving down in

Figure 2, biodiversity value decreases. Moving left to right, agricultural land stock

increases from zero to the total endowment of land, L.

Figure 2 shows the conversion zone below the free boundary. If the system starts off

at a point in the conversion region the optimal decision rule is to continue converting at

the maximum rate v until the critical boundary is reached. The remaining reserve land

is then allocated to continued biodiversity conservation. However, this situation is not

static as the stochastic fluctuations in the value of biodiversity may cause the system to

fall below the critical threshold, in which case further land conversions become optimal

again. If the system ever crosses the critical boundary or in situations where it starts

off to the right of the boundary, land conversion has been excessive in that insufficient

reserve land remains to conserve the valuable asset biodiversity. Due to irreversibility
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of conversion, the only optimal strategy is to refrain from further land conversions and

engage in conservation of the remaining reserve land.

The position of the critical boundary in Figure 2 shows that biodiversity conserva-

tion may not be optimal initially as only a small proportion of land has been converted

or for low values of biodiversity. However, as biodiversity value increases the area of

optimal conservation becomes progressively larger as the share of land in the agricul-

tural sector increases. In other words, higher biodiversity value implies earlier optimal

restraint from conversion and, as a result, larger biodiversity reserves.

3.2.2 Model Transformation

Before deriving the finite difference solution of the model, it is convenient to transform

F as follows

F (b,A) ≡ e−ρ
R
v G(x,A)

where

x = ln b.

As demonstrated by Majd and Pindyck (1985), discounting in terms of e−ρ
R
v , incor-

porates the specific length of the finite time horizon into the numerical solution. In

addition, by performing a logarithmic transformation higher-order polynomials of the

stochastic variable, biodiversity value b, are removed from equation (28) which helps

to simplify the numerical solution.

With FA, Fb and Fbb becoming e−ρ
R
v (GA +

ρ
v
G), e−ρ

R
v b−1Gx and e−ρ

R
v (b−2Gxx −

b−2Gx) respectively, the homogeneous part of equation (28) is simplified as (Majd and

Pindyck (1985))

−e−ρRv v(GR − ρ

v
G) + e−ρ

R
v (α−mv)Gx + e−ρ

R
v

µ
σ2 + uv

2

¶
(Gxx −Gx)− kv = e−ρ

R
v ρG

and, after collecting terms, yields

−vGR +

µ
α−mv − σ2 + uv

2

¶
Gx +

1

2
(σ2 + uv)Gxx − eρ

R
v kv = 0 (29)

Note that the non-homogenous part of equation (28) is not yet included in the trans-

formed equation (29) and that the only time horizon considered so far is that over the
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finite life of the project and its option value. However, having augmented the Majd

and Pindyck (1985) model for flow benefits, which accrue at each stage of the project

and are evaluated in perpetuity, it is important to incorporate these and their infinite

time horizon in equation (29). This is done in much the same way as solving for the

nonhomogeneous part of equation (20). Evaluated in perpetuity, agricultural benefits

equal φ
ρ(1−γ)(1 − R)1−γ, whereas the stock of biodiversity in the area of conversion is

worth in perpetuity τexR
ρ−α+mv

. Adding the flow benefits to (29) the transformed and sim-

plified value function describing the value of the land management project in the zone

of conversion is given by

0 = −vGR +

µ
α−mv − σ2 + uv

2

¶
Gx +

1

2
(σ2 + uv)Gxx

−eρRv kv + φ

ρ(1− γ)
(1−R)1−γ +

τexR

ρ− α+mv
. (30)

As A = 1 at the terminal boundary the condition defining the numerical starting

point remains unchanged in the transformed model

G(x, 1) =
φ

ρ(1− γ)
. (31)

The transformed lower boundary condition is

lim
x→0

h
e−xe−ρ

R
v Gx

i
= e(α−mv−ρ)R

v − 1, (32)

whilst the upper boundary condition becomes

lim
x→∞

h
e−xe−ρ

R
v Gx

i
= 2− e(α−mv−ρ)R

v . (33)

Finally, the transformed free boundary, taking into account the present value of biodi-

versity flow benefits, becomes

−GR −
³
m+

u

2

´
Gx +

u

2
Gxx − eρ

R
v k − (ρ− α+mv)−2mτexR < 0. (34)

3.2.3 Finite Difference Approximation

The finite difference solution to (28) is based on replacing the derivatives in (30) and

in the boundary conditions (32) to (34), by finite difference approximations. Define
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the following finite difference approximations

Gxx =
Gj,i+1 − 2Gj,i +Gj,i−1

∆x2

Gx =
Gj,i+1 −Gj,i−1

2∆x
(35)

GR =
Gj+1,i −Gj,i

∆r
,

where ∆x is the incremental step along the biodiversity value axis and ∆r the incre-

mental step along the land allocation axis.

It is important to understand the relationship between v and ∆r. In the numerical

solution, the continuous conversion of land at the maximum rate v = dA
dt
is simulated

by taking a number of small, incremental steps ∆r that sum to the amount of land

converted were the rate, v. In other words, if we were to look at the project value on

a quarterly basis, the amount of forest converted which corresponds to an annual rate

of 0.1 would then be divided into four steps of size ∆r = 0.025.

Substituting the finite differences in (35) into (35) yields

Gj+1,i = p+Gj,i+1 + p0Gj,i + p−Gj,i−1 + nj,i, (36)

where

p+ =
∆r
³
σ2+uv
∆x

+ α−mv − σ2+uv
2

´
2v∆x

p0 = 1− ∆r (σ2 + uv)

v∆x2
(37)

p− =
∆r
³
σ2+uv
∆x
− α+mv + σ2+uv

2

´
2v∆x

,

and

nj,i =
∆r

v

µ
φ

ρ(1− γ)
(1−R)1−γ +

ei∆xτ

ρ− α−mv
R− eρ

R
v vk

¶
. (38)

The terms p+, p0 and p− represent the probability that the value of point Gj+1,i is

exactly equal to the value of Gj,i+1, Gj,i or Gj,i−1 respectively. It is easily verifiable that
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p++p0+p− = 1, as is required for the solution to be valid. In addition, p+, p0, p− > 0,

which avoids problems related to numerical instability.

The term nj,i ensures that adjustments to the flow benefits and conversion cost are

made along the way. The ratio, ∆r
v
, in (38) implies that adjustments to flow benefits

are made proportionally, taking into account the step size ∆r as well as the maximum

conversion rate v. Advancing by one step j + 1 of distance ∆r requires in addition to

calculating the weighted average of the previous three surrounding points, a reduction

in the flow of agricultural benefits and an increase in biodiversity benefits received in

perpetuity at j−1 exactly equal to the amount of flow benefits that the piece of land∆r

between steps j and j+1 yields. Calculating the adjustment in biodiversity benefits is

straightforward as each ∆r yields the same biodiversity benefits along the biodiversity

value interval. On the other hand, the concave nature of the agricultural benefits

function demands additional care when calculating the incremental adjustment to the

agricultural flow benefits. The contribution of incremental units of land to agricultural

benefits are not identical across the land spectrum, that is the last piece of land ∆r

converted contributes much less to the stock of agricultural benefits than the first unit

of land that is converted. To calculate agricultural benefits adjustments correctly it is

necessary to subtract the total value of agricultural benefits from the previous step, j

and add those obtained under the new land allocation at j + 1. The true formulation

of nj,i is thus

nj,i =
φ

vρ(1− γ)
(1− (j + 1)∆r)1−γ − φ

vρ(1− γ)
(1− j∆r)1−γ

+
ei∆xτ∆r

v(ρ− α−mv)
− eρ

R
v ∆rk. (39)

Approximated Terminal Boundary In the transformedmodel the terminal bound-

ary remains unchanged and equals

Gj=0,i =
φ

ρ(1− γ)
. (40)
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Approximated Lower Boundary Substituting for Gx =
Gj,i+1−Gj,i−1

2dx
in the lower

boundary condition gives

Gj,i−1 = Gj,i+1 − 2∆x(e(α−mv)R
v − eρ

R
v ), (41)

as the finite difference approximation. Substituting for Gj,i−1 in equation (30) enables

the calculation of value points along the lower boundary without unknowns. The

equation for the lower boundary then equals

Gj+1,i = (p
+ + p−)Gj,i+1 + p0Gj,i − p−2∆x

³
e(α−mv)R

v − eρ
R
v

´
+ nj,i. (42)

Approximated Upper Boundary By a similar transformation the upper boundary

condition becomes

Gj,i+1 = 2∆xei∆x(2eρ
R
v − e(α−mv)R

v ) +Gj,i−1,

and yields, after substitution, the finite difference approximation for the upper bound-

ary

Gj+1,i = p+2∆xei∆x(2eρ
R
v − e(α−mv)R

v ) + p0Gj,i + (p
+ + p−)Gj,i−1 + nj,i. (43)

Approximated Free Boundary The finite difference approximation of the free

boundary check, is

−Gj+1,i −Gj,i

∆r
−
³
m+

u

2

´ Gj,i+1 −Gj,i−1
2∆x

+
u

2

Gj,i+1 − 2Gj,i +Gj,i−1
∆x2

−eρRv k − (ρ− α+mv)−2mτexR < ε,

(44)

where ε is a small error term that allows for the inaccuracies introduced by approx-

imating a continuous function by its discrete equivalent. If equation (44) holds it is

optimal to refrain from further land conversion and adopt a wait and see strategy.

The Algorithm The starting point of the numerical solution is the bottom right

hand corner at j = 0, i = 0 in Figure 2. The grid points along the terminal boundary
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are calculated using the the terminal condition (40). Moving left by one column to

j + 1 the point Gj+1,i=0 is calculated using the lower boundary slope function (42).

The interior gridpoints of the j + 1 columns are computed using (36).

Each calculated point is subjected to the free boundary check (44) involving the

horizontal slope of the value function. Upon hitting the boundary the system switches

to the analytical solution of the ordinary differential equation. First it involves solv-

ing for the constant of integration, Z, for the relevant column j, by substituting the

numerically computed value Gj+1,i for its analytical value at this point in (24). The

remaining gridpoints in this column are calculated from the previous value of the same

column until the upper boundary is reached. Thus the direction of computation has

changed from leftward to upwards, as illustrated by the arrows in Figure 2.

The uppermost gridpoint of columns for which the free boundary check was never

satisfied is computed using the upper boundary condition (43). It ensures that only

the known grid values Gj−1,m and Gj−1,m−1 are used for the computation of the upper

boundary in the conversion zone.

Having set up the numerical solution the final task before computing the model is

to discuss the parameter values used for the base case scenario.

4 Analysis

4.1 Parameterization

The implications for optimal biodiversity conservation of introducing economic-ecological

feedback are illustrated using a generic case, which is adapted from the Bulte et. al.

(2002) Costa Rican case study to fit the numerical solution requirements and ensure

more general applicability. The Bulte study uses the conservation zone solution out-

lined in Section 3.1 to determine the optimal biodiversity reserve size in Costa Rica. It

assumes prevailing agricultural overexpansion and evaluates the effects of an inherent

biodiversity growth trend and ecological uncertainty on optimal biodiversity conser-

vation. If this study is to be extended to allow for the effect of economic-ecological

feedback on optimal biodiversity conservation, the solution has to encompass the re-

gion in which such feedback effects occur. This is the case for the numerical solution
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Table 1:
Summary of parameter values.

Landsize and Units

Agricultural Benefits

Total land size in units

Return on the best land unit φ

Dynamic Biodiversity Values 

L

Land increments r

α Biodiversity value trend
b Biodiversity value per land unit

Size per unit of land

Decreasing returns to scaleγ

Bulte et al. 
(2002)

320 000 

6 990*

n/a

0.025
0.2*

1 ha

0.887

Normalised
Case

1 

29 280*

0.06

0.025
64 000*

320 000 ha

0.887

Base
Case

10 

23 000*

0.6

0.025
20 000*

Social Planner

Rate of time preference

Maximum rate of land conversion

τ Biodiversity preference
ρ

Conversion costk
v

Ecological standard deviationσ
m
u

Conversion trend effect
Conversion uncertainty effect
Bio value (log) incrementsx

0.07

unlimited

n/a

0

0.125
n/a
n/a
n/a

* in ‘000s US$

0.07

1

1

0

0.125
0
0
0.25

0.07

1

1

0

0.125
0.01
0.01
0.15

100 000 ha

0.9

Landsize and Units

Agricultural Benefits

Total land size in units

Return on the best land unit φ

Dynamic Biodiversity Values 

L

Land increments r

α Biodiversity value trend
b Biodiversity value per land unit

Size per unit of land

Decreasing returns to scaleγ

Bulte et al. 
(2002)

320 000 

6 990*

n/a

0.025
0.2*

1 ha

0.887

Normalised
Case

1 

29 280*

0.06

0.025
64 000*

320 000 ha

0.887

Base
Case

10 

23 000*

0.6

0.025
20 000*

Social Planner

Rate of time preference

Maximum rate of land conversion

τ Biodiversity preference
ρ

Conversion costk
v

Ecological standard deviationσ
m
u

Conversion trend effect
Conversion uncertainty effect
Bio value (log) incrementsx

0.07

unlimited

n/a

0

0.125
n/a
n/a
n/a

* in ‘000s US$

0.07

1

1

0

0.125
0
0
0.25

0.07

1

1

0

0.125
0.01
0.01
0.15

100 000 ha

0.9

to the conversion region, outlined in Section 3.2.

The Costa Rica case study is based on a forested area of L = 320, 000 ha. Using

linear programming, Bulte et. al. (2002) estimate the return on agriculture as φ =

$6, 990, 062 per ha (in 1998 US$), which is subject to decreasing returns to scale of

γ = 0.887. Estimating biodiversity value data as a geometric Brownian motion, the

representative biodiversity value is $200 per ha with an estimated growth trend α =

0.025 and a standard deviation of σ = 0.125. The study assumes a rate of interest of

ρ = 0.07 and conversion costs are k = 0. The reason for imposing zero conversion costs

is that the gain from timber sales may offset the costs involved in clearing the land

and preparing it for agricultural purposes. The Bulte et. al. (2002) parameter values

are summarised in the first column of Table 1.
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The magnitudes of the parameter values in column one of Table 1 represent a

problem for numerical solutions, which only work well for small incremental step sizes

∆r. The computational task of solving the value function for an area of 320, 000 ha

using unit step sizes exceeds the practical range of the numerical model. It is therefore

desirable to develop a generic base case which is characterised by more adequate unit

sizes, without distorting relative magnitudes of parameter values. This is done in

two steps, the first involves normalising the Costa Rica case study area to one unit

of 320, 000 ha and is followed by a rescaling exercise which yields the generic base

case values which are representative of an area of forested land of a total size of 1m

ha (10, 000 km2) divided into 10 units of 100, 000 ha (1, 000 km2) each. While per

unit biodiversity benefits (second term of equation (28)) are adjusted linearly , the

concave form of the agricultural benefit function (first term of equation (28)) means

that rescaled return values, φ∗, are calculated using

φ∗ = φA∗(1−γ). (45)

Here A∗ represents the size of a new unit of land in ha. Column two in Table 1 shows

the parameter values obtained after normalisation.2 Column three of Table 1 lists

the generic base case parameter values. These are φ = $23m for the agricultural

return per land unit adjusted from the scaled value of φ = 25.67m per unit in order

to allow for the rounding of γ, from γ = 0.887 to γ = 0.9. The base case represents

an area three times larger than the Costa Rican case study area and five times Costa

Rica’s current forest cover. However, it still represents only about 20% of the area by

which the Brazilian Amazon decreases each year (IBRD (2004)). While Bulte assumes

instantaneous and unlimited land conversion capacity, we impose an upper limit on

land conversion. The maximum rate of land conversion is set in the base case to v = 1

which represents a conversion rate of 10% or 100, 000 ha. Estimates of Australia’s total

rate of deforestation between 1990 and 2000 range between 0% and 0.2% - roughly

280, 000 ha (IRBD (2004)). These statistics confirm the base case choice of v = 1, in

as much as the maximum rate in this study represents technological capacity rather

2The numerical results, generated from the normalised parameter values (column 2 in Table 1)
were compared with those obtained by Bulte et. al. (2002) and were found to be a close match.
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than actual, applied rates of land conversion.

The parameter values for γ, ρ, c, α and σ remain unaltered. The biodiversity axis

is logarithmic and includes values from 0 to 89m per unit land thus containing the

representative biodiversity value of b = 20m per 100, 000 ha, which corresponds to the

$200/ha estimated by Bulte et. al. (2002). In addition to these parameter values we

add the parameters that determine the importance of the economic-ecological feedback

loop. Given a maximum conversion rate of 10% which represents the one unit of

land and an area of 100, 000 ha, assuming a trend effect of m = 0.01 implies that

biodiversity growth over time is almost halved. Biodiversity value variance, on the

other hand, increases from 0.016 to 0.026 when u = 0.01 and v = 1. Hence under the

economic-ecological feedback loop base scenario it is assumed that the annual growth

of biodiversity is significantly dampened by logging activity in the surrounding area,

whereas uncertainty regarding future values of biodiversity increases by 2/3. These

assumptions are somewhat arbitrary and subject to scrutiny later in this Section.

The logarithmic transformation of the biodiversity value axis (see Section 3 ) results

in each axis increment to represent the same percentage increase in biodiversity value

rather than absolute increases. Hence shifts in the free boundary which may occur

for medium to higher values of biodiversity will be barely visible if an incremental

step size of 4x = 0.25 were maintained. For this reason the incremental step size

of the log of biodiversity was decreased to 4x = 0.15.The numerical solution to the

normalised case applies incremental conversion steps of ∆r = 0.6 along the land axis

and incremental steps of ∆x = 0.15 of the log of biodiversity value. Using these step

sizes the leading error equals ∆r
∆x2

= 4. This low ratio is reassuring despite its limited

value in determining numerical validity, due to the numerical complexity of the land

options model.

4.2 Interpretation of Numerical Solution

This Section provides some intuitive explanations of the outputs of the numerical so-

lution, which are represented in Figure 3. The value of the land options project is

depicted as a three-dimensional surface in biodiversity-value and reserve-size space.

Biodiversity reserve size is plotted along the horizontal axis in units of 100, 000 ha.
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Figure 3: Land value as a function of reserve size and biodiversity value.

The bio value axis plots the logarithm of biodiversity value in $000s per unit of land,

that is per 100, 000 ha. Project value is plotted along the vertical axis in billions of

dollars. The origin is located at the lowest corner of the diagram, that is at the bottom

of the closest edge of the box, where reserve size and biodiversity value equal zero.

Project value is equivalent to total land value, in as much as someone, wanting to

acquire the right to manage the land options project and enjoy its flow of benefits,

would in fact acquire 1m ha of land. Land value at a specific gridpoint consists of

agricultural and biodiversity benefits evaluated at perpetuity plus the value of the

option to convert more land. During the course of the analysis, land value may be

expressed as the value of the total area of land subject to the alternative use study as

in Figure 3 or as the price of one representative hectare of land.

The dynamics of the land options model are discussed according to the direction

of land conversion. Starting from the edge opposite to the bio value axis, we move

towards the right along the contours of the solution surface. As agricultural land

share increases, the total net present value of agricultural benefits increase, but at

a decreasing rate, due to the concave nature of the agricultural production function.
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Simultaneously, the flow of biodiversity benefits decreases linearly with reserve land

size. The value of having the option to convert more reserve land into agricultural

land follows its own dynamics across the value plane. The size of the option value is

directly related to the area to which it applies, that is the size of the remaining reserve

land. In addition, the probability that conversion becomes the optimal management

strategy decreases as biodiversity value increases, so that the value of the option to

convert decreases as the value of biodiversity increases. It is the analogue of saying

that an option is valued more the higher the likelihood that it will become necessary

to exercise it. Finally, the option value equals zero in the conversion zone. As soon as

the option to convert is exercised it has lost its value.

Section 2 derived the terminal (equation (14)), lower (equation (15)) and upper

(equation (16)) boundaries of the biodiversity options project. These boundaries cor-

respond to the right, bottom and top edges of the value plane in Figure 3. The

numerical solution calculates in the opposite of the conversion direction, so that the

initial boundary is evaluated numerically. The slope of the value plane is at its maxi-

mum along this initial boundary, where all land is allocated to the biodiversity reserve

and increases in biodiversity value are most transparent in project value. The terminal

boundary on the other hand is flat, due to the fact that all in situ biodiversity has

been sacrificed to agricultural expansion. This is shown by the horizontal, right-hand

edge of the plane, which is parallel to the biodiversity value axis in Figure 3.

The solution of the model involves the optimal balancing of the trade-offs described

and represented graphically by the slope of the value plane. The position of the free

boundary, which is formulated in equation (17). In Figure 3 it follows contours of the

value plane and is situated at the intercept of the various slope directions along the

value plane: below the boundary, project value increases as agricultural land allocation

increases. Hence by exercising the conversion option the social planner increases land

value. However, if the social planner were to continue to convert, even for biodiversity

values above the critical biodiversity threshold, the land value would start to decline.

Hence the free boundary test (18) specifies the condition that conversion must always

increase project value or else the optimal strategy is one of biodiversity conservation.

When moving in the direction of conversion (from left to right) the dynamics below
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the free boundary (increasing land values) are opposite to the dynamics immediately

above the line (decreasing land values) were it not for the adoption of a conservation

strategy.

The position of the free boundary line, shown as the continuous line across the

plane in Figure 3, separates the project value plane along the biodiversity value axis,

implies that conversion may never be optimal as long as biodiversity is above a certain

value. The downward slope of the free boundary indicates that the critical biodiversity

threshold decreases as reserve size decreases. Hence, given biodiversity value uncer-

tainty, biodiversity conservation is less likely initially, when the biodiversity reserve

is large, than when large proportions of the land have been converted to agricultural

land. This result is in part driven by the concave nature of the agricultural benefits

function. The agricultural benefit from converting the first units of land is significant

compared with the agricultural benefit of converting later units and compared with the

initial biodiversity sacrifice. Concavity of the agricultural production function is also

responsible for the shape of the value plane around the initial boundary. It increases

at a sharp angle due to comparatively large contribution to total land value derived

from the agricultural benefits which are obtained from the initial units of land being

converted.

Land values plotted along the vertical axis of Figure 3 are reproduced in Table 2,

which is a selection from the 30 by 78 numerical solution matrix. It shows the project

values in $bn (or land values in $k/ha) for given values of biodiversity, b, denoted in

$/ha and for given reserve land sizes, R, in units of 100, 000 ha. The boxed table

entries denote the position of the free boundary.

The interpretation of the table is explained by the following example. Assume that

200, 000 ha have been converted, so that the reserve size is equal to 8 land units (3rd

column from the left). From the position of the free boundary (boxed value) the social

planner is able to determine that in order for conservation of the remaining biodiversity

reserve to be optimal the value of biodiversity has to be at least $38/ha. At this point

the total value of the land use project is $2.4bn, which translates into a land price per

hectare of $2, 400. Were current biodiversity value below the critical threshold at, say

$28/ha, the project would be worth only $2.29bn, and conversion remained the optimal
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Table 2:
Base case project values.

4.143.823.523.242.972.722.482.252.011.751.030

4.143.823.523.242.982.732.492.262.021.761.041

4.143.823.523.252.982.732.502.262.031.771.052

4.143.833.533.263.002.752.522.292.061.801.085

4.143.833.543.273.012.762.532.302.071.811.096

4.143.833.553.283.022.782.552.322.091.831.119

4.143.843.553.293.042.802.572.342.121.861.1412

4.143.843.573.313.062.832.602.382.161.901.1916

4.143.853.593.343.102.872.652.432.211.961.2521

4.143.873.623.393.162.942.732.512.292.041.3328

4.143.903.663.443.233.022.822.612.402.151.4538

4.143.943.753.563.373.193.012.822.622.391.6960

4.144.013.883.753.603.463.313.152.972.762.0794

4.144.124.094.033.963.883.773.663.513.332.66148

4.144.234.294.314.314.284.234.154.043.883.23199

4.144.374.564.694.784.834.844.814.744.623.99269

4.144.574.925.205.415.565.665.715.705.625.03363

4.144.835.415.886.266.566.776.926.996.976.43490

4.145.196.076.817.417.908.288.558.738.808.33662

012345678910b R

b - biodiversity value in $/ha; R - reserve size in 100 000ha
4.143.823.523.242.972.722.482.252.011.751.030

4.143.823.523.242.982.732.492.262.021.761.041

4.143.823.523.252.982.732.502.262.031.771.052

4.143.833.533.263.002.752.522.292.061.801.085

4.143.833.543.273.012.762.532.302.071.811.096

4.143.833.553.283.022.782.552.322.091.831.119

4.143.843.553.293.042.802.572.342.121.861.1412

4.143.843.573.313.062.832.602.382.161.901.1916

4.143.853.593.343.102.872.652.432.211.961.2521

4.143.873.623.393.162.942.732.512.292.041.3328

4.143.903.663.443.233.022.822.612.402.151.4538

4.143.943.753.563.373.193.012.822.622.391.6960

4.144.013.883.753.603.463.313.152.972.762.0794

4.144.124.094.033.963.883.773.663.513.332.66148

4.144.234.294.314.314.284.234.154.043.883.23199

4.144.374.564.694.784.834.844.814.744.623.99269

4.144.574.925.205.415.565.665.715.705.625.03363

4.144.835.415.886.266.566.776.926.996.976.43490

4.145.196.076.817.417.908.288.558.738.808.33662

012345678910b R

b - biodiversity value in $/ha; R - reserve size in 100 000ha
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strategy. In this case biodiversity reserve land will be converted into agricultural land

until the free boundary is reached again after 100, 000 ha have been converted. Were

the rights to the land use project sold at this stage, the buyer would have to pay

at least $2.51bn. This price includes the present values of the flow of biodiversity

benefits from 700, 000ha of pristine reserve land and of agricultural production from

300, 000ha of converted land as well as the value of the option to convert more land

should biodiversity value fall below $28/ha.

An alternative way of interpreting Table 2 is in terms of evaluating the value of

biodiversity implicitly from past forest policy. Assuming that forest policy has always

followed the optimal path and observing that 200, 000 ha have been allocated to the

agricultural sector, one can conclude that the last evaluation of per ha biodiversity

value were at or below $38. This information is valuable in the sense that it provides a

’worked’ biodiversity value, one that has been used to make trade-off decision between

biodiversity conservation and agricultural production.

4.3 Economic Ecological Feedback Effects

This Section describes the implications of allowing for feedback in economic-ecological

systems, thereby acknowledging the existence of environmental impacts on existing

ecosystems. Recall from Section 2 that the feedback loop simulates the ecological

response to land conversion within the biodiversity reserve. This ecological response in

turn feeds back into the optimal strategy choice, thereby closing the loop. Modelled as

a controlled diffusion process in Equation (6), the change in biodiversity value, b, over

time is a function of natural and anthropogenic variables. After exploring the growth

and trend effects and their individual implications for biodiversity conservation we look

at the ramifications for optimal conservation under economic-ecological feedback and

various conversion technology assumptions.

4.3.1 Biodiversity Value Growth

Before assessing the trend effect of the economic-ecological feedback loop, it is of benefit

to look at the relationship between the exogenous growth trend of biodiversity value, α,

and the free boundary. Figure 4 depicts the position of the biodiversity value threshold
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Figure 4: Position of the critical biodiversity boundary under different exogenous
growth assumptions of biodiversity value.

under base case assumptions and for varying values of α. The continuous curve depicts

the base case, where α = 0.025 andm = u = 0.01.Were biodiversity value to grow at a

faster rate, such as α = 0.05,more land would optimally be dedicated to conservation as

demonstrated by the downward shift of the critical biodiversity threshold to the dashed

line in Figure 4. Assuming zero exogenous growth of expected biodiversity value,

α = 0, results in the least environmentally stringent critical threshold. For a value

of biodiversity of 50$/ha, only 67% of the total land area is set aside as biodiversity

reserve, compared with 87%, were α = 0.025, and compared with the 90% conservation

outcome if biodiversity value is expected to growth exogenously at five percent. This

result is consistent with the notion that, ceteris paribus, the higher the growth rate

of an asset the higher its absolute and relative current value. The effect of α on the

critical boundary remains the same whether or not economic-ecological feedback is

allowed for. It mirrors the result that Bulte et. al. (2002) established for varying α in

a model without economic-ecological feedback.

4.3.2 Trend Effect

The next step is to determine how optimal conservation outcomes change with varying

assumptions regarding the importance of the feedback effect between the disturbance

through land conversion and long term biodiversity value. This effect is represented

by the parameter m in equations (6) and (28). The previous discussion of biodiversity
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Figure 5: Trend effect of economic-ecological feedback on optimal reserve size.

growth, α, and its impact on the critical threshold may lead us to suggest that increas-

ing m leads to a reduced conservation outcome. In equation (6), m reduces the net

growth rate of expected biodiversity value, α. In other words one could expect a lower

conservation outcome as a result of higher ecological trend sensitivity to disturbance.

However, this is not the case. Figure 5 shows that allowing for the negative impact of

conversion on the growth rate of biodiversity value on the remaining reserve causes the

critical threshold to shift down as long as reserve size is above 100, 000 ha. The down-

ward shift implies that, for a given current biodiversity value more land is optimally

allocated to biodiversity conservation.

Figure 5 shows that this effect holds for a large range of values of m. Given

α = 0.025 and v = 1, a value of m = 0.01 implies that the net growth rate of biodi-

versity value is reduced to almost half its natural value. A value of m = 0.03, causes

the net biodiversity growth rate to turn negative, implying that the ecosystem has

been pushed onto a downward spiral and is never expected to recover from the anthro-

pogenic disturbance. Despite testing the effect of trend feedback under such disparate

conditions, Figure 5 reveals that the critical thresholds are close together as long as

m > 0. Hence, allowing for economic-ecological feedback and setting m > 0 is more

consequential for the conservation outcome than the actual value imposed on m.

The reason for this result lies in free boundary condition (17), which is the first-order

maximising condition of equation (28) and determines the optimal land management

strategy. Allowing for economic-ecological feedback implies that the negative impact
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of conversion on the long term growth trend of biodiversity value enters the first-

order maximising condition. In other words, the adverse environmental impact on the

natural resource is taken into account a priori and is reflected in the optimal land

management policy. Under the feedback assumption more biodiversity is conserved

than under myopic conditions, that is if the feedback effect were ignored.

An interesting exception to this rule occurs towards the final stages of the land use

project, when the majority of reserve land has already been converted into agricultural

land. Increasing ecological trend sensitivity to disturbance under these circumstances

encourages further conversion rather than conservation. This effect can be seen at the

right tail end of the critical boundaries (Figure 5). The thresholds calculated under

m > 0 assumptions slope upwards and cross the m = 0 (myopic) threshold in the

region where agricultural land allocation is large. Allowing for the adverse effects of

conversion on long-term biodiversity value reduces the already diminished flow benefits

obtained from such a small biodiversity reserve. Towards the end of the life of the

land options project and close to the free boundary, this reduction is large enough

to cause conversion benefits to outweigh conservation benefits, thereby resulting in a

lower conservation outcome.

Economic-ecological system interactions occur as a result of environmental impact.

In this model environmental impact results from converting reserve land into agri-

cultural land within the conversion zone. By contrast, the rate of land conversion

and hence of environmental impact in the conservation zone is zero. For this reason,

economic-ecological systems interactions are of no consequence to the analytical solu-

tion in the conservation area. It is imperative that assessing the important effect of

economic-ecological feedback on optimal resource management requires a comprehen-

sive solution of the entire system, as derived in Section 3. It enables the determination

of the free boundary and hence the optimal management strategy, which incorporates

the effects of the interdependencies between the economic and the ecological system.3

Two important insights may be gained from the discussion on adverse environ-

mental impact on long-term biodiversity value. The first is the necessity to improve

3The sensitivity analysis has been extended to look at the freeboundary effect of changes in σ and
u.
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Figure 6: Implications for optimal conservation of varying technologies and economic-
ecological feedback assumptions.

our understanding of the true growth trend of biodiversity value. As was seen at the

start of this section, the value of α plays an important role in determining the optimal

management strategy and is therefore an important variable to determine. The second

insight concerns the importance of allowing for the negative effects of supposedly op-

timal resource development decisions on the surrounding environment. Taking these

effects into account a priori favours conservation to a non-trivial extent. It must also

be remembered that this outcome is relatively insensitive to assumptions regarding

the severity of the impact, so that a social planner may benefit from allowing for such

interdependencies even without being certain of their extent.

4.4 Economic-Ecological Feedback and Technology

The implications of allowing for an economic-ecological feedback loop for biodiversity

conservation go beyond the direct effects discussed above. For instance, the relationship

between technological capacity and conservation becomes less clear when economic-

ecological feedback is allowed for. The technological capacity to convert is likely to

change over time and with increasing trade in agricultural technology and machinery.

An implication of these technological improvements is the increase in the maximum

conversion capacity, v, that is the maximum area that can be converted per unit time.

Figure 6 contrasts the implications of technological change for biodiversity conservation

under myopia, that is if economic-ecological feedback is ignored, (Panel a), with the

implications that ensue when feedback is allowed for (Panel b).
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Panel a in Figure 6 shows that under the myopic scenario, gradual increases in

maximum conversion capacity from 50, 000 ha per year to 500, 000 ha per year shifts

the free boundary upwards. The direction of the shift is the same under the economic-

ecological feedback assumption. The higher the maximum conversion capacity, the

smaller the area that is allocated to biodiversity conservation (Figure 6, Panel b). Two

points are worth noting. Firstly, where reserve land is abundant, allowing for economic-

ecological feedback favours conservation for all technological capacities tested. The

upward shifts of the free boundary curves due to conversion capacity increases are

less important in Panel b than in Panel a. Secondly, conversion history matters when

conversion capacity is high and economic-ecological feedback is allowed for. Panel b

reveals a u-shaped critical biodiversity threshold for conversion capacities of 300, 000 ha

and 500, 000 ha per year, indicating the existence of multiple equilibria. It implies that,

for a given value of biodiversity, conservation efforts should focus on areas, with little

prior conversion history. Taking the same biodiversity value, but a land use project

with more important prior agricultural history, the optimal strategy could well be the

conversion of most or all remaining forested land. While this result could be used to

explain why Europe’s biodiversity resource base has been eroded to the current extent

it also builds a case for immediate and substantial conservation efforts in countries

with abundant biodiversity rich areas such as Brazil.

Table 3 quantifies these results. Using b∗ ' $60/ha as a representative biodiversity
value, it contrasts the optimal reserve sizes and land values with and without the

feedback assumption under varying maximum conversion capacities. Higher conversion

capacities imply higher conversion efficiency, so that the benefits from conversion accrue

faster and their present value increases. The increase in the present value of conversion

benefits leads to smaller optimal reserve sizes and higher project values along the

optimal conversion path. This is true for both cases. In the myopic case, optimal reserve

sizes shrink from 90 to 45 per cent as the maximum conversion capacity increases from

50, 000 ha to 300, 000 ha. Over the same range, total land value at the intercept of the

optimal conservation path with the biodiversity value b∗ ' $60/ha, almost triples from
$1.3bn to $3.8bn. Optimal reserve size shrinks by only 24 per cent to 700, 000 ha if

economic-ecological feedback is allowed for. Despite the reduced agricultural income,
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Table 3:
Optimal conservation area and project value under varying conversion

capacity.

0.3 - 4.10%0.4 - 4.10%5

3.7 / 4.170% / 32%3.845%3

2.490%2.777%1

1.294%1.390%0.5

Project Value**Reserve*Project Value**Reserve*

FeedbackNo Feedback

* of total land area; ** in $bn

v

0.3 - 4.10%0.4 - 4.10%5

3.7 / 4.170% / 32%3.845%3

2.490%2.777%1

1.294%1.390%0.5

Project Value**Reserve*Project Value**Reserve*

FeedbackNo Feedback

* of total land area; ** in $bn

v

project values along the optimal conservation path are comparable to those under

myopia. Under the feedback assumption, if current reserve size is below 32 per cent

and conversion capacity above 300, 000 it would be optimal to convert all remaining

reserve land into agricultural land and thereby increase the total present value of the

land use project to $4.1bn.

The discussion showed that the link between technology and optimal conservation

is much less straightforward if the implications of environmental impact are assumed

to extend to ecosystem ecosystem health and uncertainty. In addition, Table 3, shows

that access to modern technology which allows for up to 5m ha of rainforest to be cut

per year, could send countries like Brazil on a path of total conversion and biodiversity

loss. If conservation outcomes ensue purely on the grounds of technological progress

and are not based on fundamental changes to value judgements there is a case for policy

makers to intervene and impose an upper limit to the maximum amount of conversion

allowed each year.

5 Conclusions

This paper has extended previous work on modelling biodiversity by introducing im-

portant feedback loops between the economic and the ecological systems. The analysis
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has been placed within a real options framework and derives optimal conversion rules

under ecological uncertainty and irreversibility of land conversion. An important prop-

erty of the solution is that it correctly prices the option to engage in land conversions

in the future, given the current strategy of biodiversity conservation.

The results show that allowing for the negative effect of conversion on long-term

ecosystem health leads to increased conservation in most situations, especially where

the natural resource is abundant. This result is fairly insensitive to the assumed im-

portance of the feedback effect, leading us to conclude that it is advisable to allow for

such feedback even under low information conditions.

The results also show that no significant implications for optimal conservation could

be identified of allowing for the link between anthropogenic change and ecological un-

certainty. However, it was shown that allowing for economic-ecological feedback alters

the implications of applying various conversion capacities for biodiversity conservation

significantly. While progress in conversion technology leads to lower conservation in

both cases, it was shown that a social planner, who allows for feedback effects adopts a

more prudent attitude towards conversion at the initial stages of the land management

project. Conservation of an already heavily diminished resource, on the other hand,

becomes less optimal, especially if conversion capacities are high.

The analysis also identified a number of parameters, which deserve the special at-

tention of researches and policy makers. As already mentioned above, the growth rate

of biodiversity value is an important determinant for optimal conservation targets.

Technology parameters, such as conversion capacity, were amongst the most influen-

tial. To the extent that conversion capacity also depends on R&D, international trade

or foreign investment, it may not be easily influenced by the social planner directly.

However, by setting forestry policies the social planner determines how much forested

land may be converted every year thereby effectively dictating the maximum conversion

capacity. It was shown in the model that optimal conservation declines as conversion

capacity increases.
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